Chapter 8. Differential Equation

Formation of DifferentialEquations

1 Mark Questions

1. Write the degree of the differential equation

(gi] +3yd Y -0 Delhi 2013C
X

| () The degree of the differential equatlon is the
degree of the highest order derivative, when
differential coefficients are made free from
radicals and fractions sign.

T P S — e Aviiond i

leen dtfferentlal equation is
(&) g
dx dx

Here, highest order derivative is d? / dx?

whose degree is one. So, degree of differential
equationiis 1. (1)

2. Write the degree of the differential equation

a4  favy:
XB[E—;(] H(EZ] =0 Delhi 2013
X X

. Given differential equation is

f(gﬁ;]z % (dy) =0
dx dx

Here, all differential coefficients are free from

radical sign.
". Degree =2 (1)
3. Write the degree of the differential equation
“ 2
[95) +3x2Yoo Delhi 2013
dx dx
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Given differential equation is

4
(ﬂ) + 3x giyw =0
dx dx?
Here, all differential coefficients are free from
radical sign.

- Degree =1 (1n

4. Write the differential equation representing
the family of curves y=mx, where mis an
arbitrary constant. All India 2013

Given, family of curves isy =mx (i)
where, m is an arbitrary constant.
Now, differentiating Eq. (i) w.r.t. x, we get

Y _m
dx
. dy . :
On puttingm = e in Eq. (i), we get
X
_ dy
Fo dx

which is the required differential equation. (1)

4 Marks Questions

9. Find the differential equation of the family of
circles in the first quadrant which touch the
coordinate axes. All India 2010C
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1{‘) The equatlon of family of csrcles in first.
quadrant, which touch the coordinate axes, is
(x—a)? + (y—a)* =a?, where a is radius of
circle. Differentiate it one time and eliminate
_ the arbitrary constant a. |

Let a be the radius of family of circles in the
first quadrant, which touch the coordinate

axes.
YJL
((a.a) |
X ol 2 > X
“’Y'I'

Then, coordinates of centre of C|rcle (a, a).
(1

We know that, equation of circle which has
centre (h, k) and radius r is given by

(x=h?+y-k?=
Here, (h, k) =(a, a)andr = a
. Equation of family of such circles is
(x—a)+(y—a’=a’ (i) (1)
On differentiating both sides w.r.t. x, we get

2(x—a)+2(y*a)%='o

X

=3 x—a+(y-a -y =0 ['.'%zy'il

= Xx+yy' ' =a+ay’

o _ X3y )
1+y’
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On putting above value of a in Eq. (i), we get

ak + a5 X + 2%
. 5.4l Y O 5.8 =( vy
y +1 | y' +1 =l
2
’ e B ) ’ e R ﬂ
— Xy +X—=X-Yyy o yy +y, X—Yyy
y +1 y’+1

=l

_ (x +yy Y
¥ &1
On multiplying both sides by (y” + 1)%, we get
(xy' —yy )V +ly—x"=x+yy )

= -y )V +x-p=(x+yy’)?

[ (=) =y = %]
= x=-yy)? +1]=x+yy’)?

which is the required differential equation. (1)

6. Find the differential equation of family of

circles touching Y-axis at the origin.
HOTS; Delhi 2010; All India 2009, 2008C
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s\) The equat:on of famtly of c1rcles touchlng Y-axis
| at origin is given by (x—a)® + y* =a*, where a |
is radius of circle.

. Differentiate this equation once because one |
| arbitrary constant is present in the equation and |
| eliminate a. _:

Given, family of circles touch Y-axis at the

origin.
Let radius of family of circles be a.
. Centre of circle=(a, 0) (1)

Now, equation of family of circles with centre
(a, 0) and radius a is

(1

[putting (h, k) = (a,0) and r = a
in(x—h?+y—-K*=r
=5 x° +a* -2ax+y’ =a’
= x2-2ax+y*=0 .. (i)
On differentiating both sides w.r.t. x, we get

2x—2a+2yﬁ=0
dx
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= x2—2ax+y* =0 ()
On differentiating both sides w.r.t. x, we get

2x—23+2yi"i=0
dx

- a=x+y— (1

On putting above value of a in Eq. (i), we get
% 4yt 2(x+yg—y]x=0

X

] 2xng+x2—y2:0
X

= 2xyy’ + x> —y* =0
d

or axy Y4 x2 -2 =0
dx

which is the required differential equation. (1)

7. Find the differential equation of family of
circles touching X-axis at the origin.
HOTS; Delhi 2010C; All india 2009C
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Let a be the radius of family of circles which

touch X-axis at origin.
T

X’ X
L
. Centre of circle = (0, a)
Now, equation of family of such circles is
P 4lyp—a)t =a’ (1)
[putting (h, k) = (0, a)andr = a
in(x — h)? +(y - k? =r’]

= x? +y? =2ay=0 ..(0)

On differenti(?ting boctih sides w.r.t. x, we get
2x+2yd—i—2agl{=

= x+(y~—a)(—(j%=0 (1)

= x+yy’—ay’=0,[where,y’=%}

= x+yy’'=ay

2 s BE T )

’

Y
On putting above value of a in Eq. (i), we get

x2+y2=2y(x+}:y }
¥

= (x2+y2)-y"=2xy+2y2«y’
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= Xy +yly -2xy-2yy’' =0
=5 x%y’ = 2xy—yly’'=0
- yf(XZ_y2)=2xy
, 2xy dy 2xy
= or —=
= y P dx -y

which is the required differential equation. (1)

8. Form the differential equation representing
family of ellipses having foci on X-axis and
centre at the origin. HOTS; Delhi 2009C
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The equation of family of ellipses having foci on

2 L

EY%

: g e
X-axis and centre at origin is —- +
a

1,a>b.

!
| Differentiate this equation two times and eliminate
3 two arbitrary constants a and b to get the required.

result.

We know that, the equation of family of ellipse
having foci on X-axis and centre at origin is
given by

Y
A
Y,
2 2
X° y :
—+ =1 Lalr)
&
where,a> b (1)

On differentiating both sides of Eq. (i) w.r.t. X,
we get

2z 2yy’ dy I
—_— = ut —=
2 b [p dx

X =y

= —_——
5 b?
¥ e P
X a

Again, differentiating both sides of Eq. (ii)
w.r.t. x, we get

x-—d—(yy’) —yy’ 3 (x)
dx dx
=0
o
using quotient rule of differentiation
2
in LHS and E(— i =
dx | a2
4 ’ d r
= X v-ity)w-——(y) -yy1=0 (M
dx dx
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=5 xyy” +xy’)* —yy’=0

d? dvT dy
—L4x-=| =y—ZL=0
o G X(dx ¥ e

which is the required differential equation. (1)

9. Form the differential equation representing
family of curves given by (x — @)% + 2y? = ¢?
where, a is an arbitrary constant.All India 2009

Given equation of family of curves is

(x— a)? + 2y? = a2 .0
On differentiating both sides w.r.t. x in Eq. (1),
we get

2(x—a)+4yy’ =0 [ % ) =2yy ’] )

= x—a+2yy =0

= a=x+2yy’ (1

On putting above value of a in Eq. (i), ve get

(x—x=2yy" )2 +2y* = (x + 2yy")?

= Ay +2y=x" + 4y ") - Axyy”

= 2y =x? + 4xyy” (1)

Hence, the required differential equation is
x? + 4xyy’ =2y*

or x° + 4xyg~! =2y’ (1)
dx
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Solution of Different Types of Differential
Equations

4 Marks Questions
1. Find the particular solution of the differential
equation 3_}! 1+x+y+xy, giventhaty =0
X

when x =1 All India 2014

Given differential equation is

d—y:1+x+y+xy
dx
=3 gz=1(1+x)+y(1+x)
dx
i Y _ 400+ ) M
dx _

On separating variables, we get

dy = (1+ x) dx . (i)

1+y)
On integratmg both sides of Eq. (ii), we get

Imd}f J1+x)dx
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2
= log|1+y|=x+3‘2—+c i) (@)

Also, given thaty =0, when x =1.
On substituting x =1,y =0 in Eq. (iii), we get

1
Iog|1+0|=1+E+C=»C=—§~ [ log1=0]
(1)

Now, on substituting the value of C in Eq.
(i), we get

Iogll+y[=x+ﬁ—E

_ 2 2

which is the required particular solution of
given differential equation. (1)

2. Find the particular solution of the differential

equation x ) y + X cosec (y) =0 or
dx X

dy ¥ +cosec(i) =0, given that y =0, when
X X X

x=1 'All India 2014C, 2011; Delhi 2009
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Given differential equation is

xﬂ» - y+xcosec(z-)=0

dx X
=3 Q—X+cosec[z)=0
dx x X
Above equation can be written as
ng Y _ cosec (Z] (1)
dx x X

which is a homogeneous differential equation.

On puttingy = vx,

dy dv . :
=5 —— =v + x—in Eq. (i), we get
dx dx & 8
dv  vx (vx)
V+X—=——cosec| —
dx x X
dv
= V+ X— =V — COSeC V
dx
1% dv — dx
= X —=—Cosecv= — (1)
dx cosecv X
On integrating both sides, we get
j dv _ -_" E]'i

cosecy - X

:>ISiHVdv= .——@ [ 1 =sinv]

* X cosec v
= -—cosv=—log|x|+C

,: '.'jsinxdx=——cosx+C

andfldx=log|x|+c]
X
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On puttingv = X, we get
X

~cos¥ =—log|x|+ C

X
.

= cos — =+ (log | x| - C)
X
Y _ -1

— ~=cos  (log|x}|-C)
X

= y =xcos” (log|x|-C) ...(ii) (1%)

Also, given that x =1 and y = 0.
On putting above values in Eq. (ii), we get
0 =1cos™ (log|1]- C)

ey cos0°=0-C

= 1=0-C
= C=-1
y =xcos” (log| x|+1) (1%2)

which is required solution.

3. Solve the differential equation
x log x j—y +y= £ log x. Foreign 2014; Delhi 2009
X X
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Given differential equation is
dy 2

(xlogx)- —~ +y="=log x
dx X

On dividing both sides by x log x, we get
dy+ y _2logx_2

dx xlogx x?logx x?

-

which is a linear differential equation of first
order and is of the form

dy .
— + Py =
dx y=Q | (ii)
On comparing Eqs. (i) and (ii), we get
Pz 1 and Q = ) (1
x log x x?

f11 S -
IF=e Xiogx ___eogogx

forj' : dx::,putlog'x-—-t:;ldx=dt
x log x X

.'.Itldt=|og|t|=logglogx|

— IF = log x [+ e'98% = x]
(M

Now, solution of above equation is given by
yxlF:J'(QxlF)dx+c ...(iii)
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On putting IF =log x and Q =£?: in Eqg. (iii),

we get
2
log x = | — log x dx
y J 5

o1

X

- 2
= log x =log x| = dx
v log x =log x|
d 2
_j(a(logx}-J?dx)dx
[using integration by parts]
=% ylogx=logx-2[—1)
X
-jl.z(—l)dx(n
X X
= ylogx=-—glogx— o [ dx
X ‘¢ x\ x
=3 ylogx=——2-logx+ '%dx
X 4y
ylogxz-glogx—2~+c (1)
X X

which is the required solution.

4. Find the general solution of the differential

equation (x — y) o . X+ 2y.
| ax

Delhi 2014C; All india 2010
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Given differential equation is

(x—y)%=x+2y

- oy Xty () ()
dx. x-vy

which is a homogeneous equation.
On putting y = vx

dy dv .
=3 —=V4+ X— ...(i1)

dx dx

in Eq. (i), we get
dv_ x+2vx _1+2v

V+ X
dx X —vx 1—v
dv 1+ 2v (T, TP R
o X = —-Vv=
dx 1-v 1—-v
dv 1+ v+ v?
= B
dx 1—v
= #—dv:gi
vi+v+1 X
On integrating both sides, we get
1-v dx
.[ G2 T (1)
+v+1 X
=3 I=log|x|+C ..(iii)
where, I=I~5-1_—vdv
R e
Let 1—v=Av—g-(v2+v+1)+B
dv
== 1-v=AQv+1)+8B

On comparing coefficients of v and constant
term from both sides, we get

2A=-1 = A=—% and A+B=1

=>-l+B=1 = B=1+l=> B=§
2 2
So, wewritel-v=—‘—;~(2v+1)+-§’—

1 1
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- Qv+ + -

Then,i=j 22 2 dv
vi+v+1
2v+1 3 dv
= l—-— okl PSR-
j +v+1 ZIV2+V+1

= I=——5!og|v +v+1

3 dv
+__

2 v2+v+1+-!---1
4 4

%—ﬂ—-d\«fﬁputv2+v+l=t
vi+v+1
v+1)dv=

d =log|t|+c =log|v’+v+1|+cC

dv

(r+3) 3
v+ | +
2 4

(1)

1 3
=l=——=log|vi+v+1i+=
2'c:-glv | 2]

1 9 3
=|==—log|v+v+1+=
- log| [+=]

=>i=—%log|v2+v+1|
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= :'=—*21—|0g[v2 +v+1|

- N3 tan'{zv i 1) +C

N W
On puttingv = X , we get
¥ IY y | 1%}'{-'-I
=——logl=+Z +1]+ V3 tan™'| X +C
2 |2 x| J3
[-.°y=vx.'.v=x}
X
2 2
:H=—~1—Iog|y +x¥+x!
2 | x|
<l 2y +x
++/3 tan 1( )+C
V3x

On putting the value of [ in Eq. (iii), we get

2 2
_l|0g’V +x¥+x %+ V3 tan™' (%j)

2 X J3x
=log|x|+C
which is the required solution. (1)

5. Find the particular solution of the differential

equation {x sin’ (1) - y} dx + xdy =0, given
X

thaty = E—, whenx =1 All India 2014C
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Given differential equation is

{xsinz(y]-ﬂy]dx+xdy=0

X

| —xs'nz(x)
dy d ! X

=% = susll)
dx X
which is a homogeneous differential equation.
dy xdv .
Puty =vx = —=v+——Iin Eq. (l) we get
dx dx
vx — xsin?| 2
dv X
VA4 X— =
dx X
v i g v .2
= V+X—=V-5in“Vv = X—=-5in“Vv
dx dx
dx
= cosec” v dv =—-~ (1)
X

On integrating both sides, we get
'fcosec vdv-l—j——O

=  —cotv+log|x|=

C
:—cot(£)+log|x|:(f ['.-v:q i}
X X
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Also, given thaty = %, when x =1.

On putting x=1and y = E in Eq. (i), we get

- cot(n) +log1=C
4

— C=-1 [ cotE—l] (1)
4

On putting this value of C in Eq. (ii), we get
—cot(zj-k log|x}=1

X

=5 1+ log| x|— cot(z) =0
X

which is the required particular solution of
given differential equation. (1)

6. Find the particular solution of the differential
equation
dy  x(2logx+1)
E;_siny+ycosy
X=1 Delhi 2014

, given that y = 12[~ when
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Given differential equation is
dy _ x2logx+1)
dx siny+ycosy

On separating the variables, we get
(siny +y cosy) dy = x(2 log x + 1) dx
= sinydy +y cosydy =2xlog xdx + xdx (1)
On integrating both sides, we get
Jsinydy+_['ycosydy
[

=2j|)1(|0|'gxdx+jxdx

=>—cosy+[yjcosydy
—j{i(y}_fcosydy} dy]
dy |
=2|lags xde— [0 dith e} %
= OSXJX X—I{a{ogx)jx x} x:\+?

_ (1)
:>—cosy+y5iny—Jsinydy

2 2 2
X 1 X X
=2|—log x— ——rdx|+—

= — COsy+ysiny+ cosy
2| gl
=x"logx~ {xax+—
gx~ | 5

2 X.'-_'

=5 ysiny=leogx—%+—-+c
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= ysiny=x?logx+C MOBG))

Also, given thaty = g when x =1

On puttingy = g— and x =1in Eq. (i), we get
T sin [—TE) =M)?log (1) +C
2 2

= Cmr e sinE=1,|0g1=0:|
2 2

On substituting the value of C in Eqg. (i), we
get

y siny = x° Iogx+§

which is the required particular solution. (1)

7. Solve the following differential equation
2 dy 2
x“—=1) = +2xy = .
( ) T i
Delhi 2014; All India 2014C
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f F|rstly, divide the glven differential equatlon by
% (x*-1) to convert it into the form of linear
differential equation and then so1ve it =

Given differential equation is

(x2—1)g—y—’+2xy= -

dx X* w]
On dividing both sides by (x* — 1), we get
dy " 2x - 2
e y e fe? =T}
which is a linear differential equation. (1)
On comparing with the form gy— + Py =Q, we
X
2% 2
get P= , Q=
x* —1 (x* —1%*
ﬂa%’i__ e
IF=e "' (1)
_ elog|x2 1] —X2 _1
put x —1—t:>2xdx—dt|nj 1dx then
dx = | -dt =logt = log(x* - 1)
_‘[ x? -1 Jt _

Hence, the required general solution is
y-IF=J Q xIFdx+C

2

2 x (x> =1 dx+C (1)

2
—N=
"::}V(X ) '[(x

dx +C

= y(x2—1)=_[ 22 :
x T
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= y(x* —1) =log -’5~"i-1|+c
X+1]
1 1, Ix-a
dx=—Io
|: '[)rcz—a2 2a g:v<+£:t}

which is the required differential equation. (1)

8. Find the particular solution of the differential
equation e*y/1 - y? dx + y dy =0, given that
X

y =1, when x=0. Delhi 2014
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Given differential equation is
e J1=y* dx+zdy=0
X

= e J1-y? dx="Ydy
X
On separating the variables, we get
i dy = x e'dx (1)
1- y2

On integrating both sides, we get

j\/_dy:jxexdx

On putting 1- yi=t=-ydy= %t-_in LHS, we

get

x e* dx

Jode=lrga
=3 -%[2&]=xj‘e"dx—j [—%(x)]‘e"dx]dx

= I-y’=xe'-[eldx [t=1-y]
(1)
= J1I-y  =xe*—e*+C ..0)

Also, given thaty =1 when x=0
On puttingy =1and x =0 in Eq. (i), we get
1-1=0-e+C

= = [ e?=1](1)
On substituting the value of C in Eq. (i), we

get
J1-y2 =xe*—e* +1

which is the required particular solution of
given differential equation. (1)
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9. Solve the following differential equation

cosec x logy L:i—y + )(2);2 =1, Delhi 2014
¥

> Ftrstly, separate the vanables, then lntegrate hy
*  using integration by parts.

Given differential equation is

cosec x log y j—y +x%y2=0 ()
X

It can be rewritten as

cosec x logy dy __ x2y?
dx

On separating the variables, we get

2
Iogyd X" gy
y? COSec x
On integrating both sides, we get
log y . i
—==dy=- dx =h=1, ..0i)
-[ y? d J COSeCx P

(1)
where, I, = _[ ;—%X dy

Putlogy=t=~>y=e‘,theng¥-=dt
y

Lh=| te'dt
Lo

=t_[ e~ 'dt - _[ [% (t)I e“dt] dt
=~t e"‘.— _[ (—e Y dt

=—te™ +j eldt=—te ' -e"'+C,

st il L ...{iii) (1)

[*-*f =lnovand o7t = 1-|
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L " vl

o
and /, = -J dx
cosecx
= — xI:2 si:?x dx

= —xz_[ sin x dx —j

[, 5p ..
a;(x )J smxdx]dx

=—x? (- cosx) — : [2x(— cos x)] dx

=x% cos x + 2 fcosxdx
. i

=x% cos x + 2 xjcosxdx

g |
—I{a; (x}jcosxdx} dx
= x% cos x + 2 [x sinx—_[sinxdx]

=x? cosx+2xsinx+2 cosx+C, ..(iv)

(1)

On putting the values of /; and /, from Eqs.(iii)
and (iv) in Eq. (ii), we get

logy 1

- 27 - _+C,=x%cosx+2xsinx
y y
+2 cosx+C,
1+ | )
_(_'QE_Z},:XZ COS X + 2X sin x
y
+2cosx+C,—-C,
= —(—I—t-i-g—g-ﬂzxzcosx+2xsinx
| y

+2cosx+C
where, C =C, - C,

which is the required solution of given
differential equation. (1)
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10. Find the particular solution of the differential
equation x(1 + y%) dx — y (1 + x*) dy =0, given
thaty =1, when x =0. All India 2014

Given differential equation is

x(1+ yz) dx — y(1+ x?%) dy=0
= x(1+y%) dx=y(1+ x?) dy

On separatlng the varlables we get

dy = 2
ﬂ+y) ﬂ+x}

On integratmg both sides, we get

I dx

= %Iog|1+y2|=5|0g|1+le+C weill)

dx (1)

1+ y? oy = I(I x?)

Flet1+y2=u = 2y dy = du,

1 1
then‘[ dy —J‘Edu=i-log|u|

1+y

and let 1+ x? xv=¢2xdx=dv,

1 ¢1 1
then sdx=—|-dv=—log|v
! I 1+x* 2 j v 2 8l ’q
Also, given thaty =1, when x = 0. (1)
On substituting the values of x and y in Eq. (i),
we get

l|c.g|1+(1;2| =llog|1+(0)2|+c

2 Z
S %]og‘? — [ log1=0]
On putting C = 21 log 2 in Eq. (i), we get

1 1 1
—log |1+ V% =—log|1+ x% + —log 2
5 g|1+y”| 5 g | | 5 198
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= log|1+y* =log|1+ x% +log 2 (1)
= log|1+y? —log|1+ x*| =log 2

2
= log -1—-—'-—)-/-5 =log 2 [ Iogm—lognzloginw]
Hx7| n
2
- 1+y2:2
14X
— 1+y?=2+2x = y?-2x*-1=0

which is the required particular solution of
given differential equation. (1)

11. Find the particular solution of the differential

equation log (?’—) = 3x + 4y equation, given
X

thaty =0, when x =0, All India 2014
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Given differential equation is
log (g}i) = 3x + 4y
dx

_— ﬂ - eSx+ 4y
dx

[-logm=n= e" =m]

= . gt g (1)
dx

On separating the variables, we get
1 R
*‘;37 dy = e "dx
On integrating both sides, we get
j e Vdy = _[ edx

e—4 y e3x

— — +C L)@
4 3 )
Also, given thaty =0, when x = 0.

On puttingy =0 and x =0 in Eq. (i), we get

-4(0)  _3(0)
2 B,
-4
1_1 0 _ 0
= =Sk _Rol C [ e = = 1]
4 3
1T 1
—_ ! e o
4 3
—~7
i (1)
12
On substituting the value of C in Eq. (i), we
get
e—4}¢' N e3X B 7
— 3 12
which is the required particular solution of
given differential equation. (1)
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12. Solve the differential equation
(1+x%) -gx +y= etan X All India 2014
X

Given differential equation is

(1+ x?) dy +y=eR X
dx
On dividing both sides by (1+ x?), we get
dy 1 elan" X

+ Ve
dx (1+x9) 1+ x2

It is a linear differential equation of the form

dy
L 4 Py=
5 y=Q
On comparing, we get
1 tan~ ! x
P = 5 and Q = :
T+ x 1+ x
1
------- 5 d
IF:eJde: . x_ tan”" x

[ dx—tan x] (1)
1+ x?

Then, required solution is

(y-IF) :j (Q-IF)dx+C

tan x '1

e "—I dx +C
1+x
i1 eZtan Tx
= ye" *= —dx+C
T+ x
=  ye®™ X—|4C i) ()
- eZtan”x
where, !=j -— dx
1+ x
Put tan ' x =t =>w~l~-5 dx =dt
T+ x
I—j e2ldt
_2t 2tan"'x
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(§))

= =— = /=

On putting the value of I in Eq. (i), we get

2 'tan_1 X

tan'x _ €
e = +C
4 2
which is the required general solution of

given differential equation. %))

13. Find a particular solution of the differential

equation -gz + 2y tanx =sinx, given that
X

= 0, when x = g Foreign 2014
Given differential equation is
ﬂ + 2y tanx = sinx
dx

which is a linear differential equation of the

form & + Py =Q.
dx
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On comparing, we get
P =2 tanxand Q = sinx

IF = e2jtarax dx _ 62 log|sec x| %))
3 ‘! -
e [.mlogn=logn™]
7
= sec” x [ e'98% = x]

The general solution is given by
Y-IF=[QxIFdx+C  ..() (1)

= ysec2x=_[(5inx-sec2x)dx+C
7 ; 1
= y sec x=J-51nx-——E--dx+C
- cos” x
= ysec2x=jtanxsecxdx+C
= y sec” x = sec x + C ... (1)

Also, given thaty — 0, when x = l; On putting
T, N
y=0and x = r in Eq. (ii), we get

Oxseczﬁzsec£+(f
3 3

= =2+ =152 (1)
On putting the value of C in Eq. (ii), we get

y sec? X = sec X — 2
= Yy = COSX — 2 cos’ X

which is the required solution of the given
differential equation. (1)

14. Solve the following differential equation

X COS (K) 2. y cos(f-] +x x%0,
x } dx X All India 2014C
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Given difterential equation is

X cc_‘)s(—}f-)ﬂ =y COS(Z] + X (1)
x J dx X
which is a homogeneous differential equation.
; dy dv .
On puttingy=vx = —~=Vv+Xx—In
dx dx
Eq. (i), we get

dv
X cosv|v+x —|=vxcosv+ x
X

. + 1
" v+xdv:x(vcosv ) )
dx X COSV '

dv _vcosv+l

dx CosV
dv vcosv+1-vcosv

= X

= X
dx CosV
= xdv= L =:ucosvdv=9{-"'i (1)
dx cosv X

On integrating both sides, we get

dx

j cosvdv=|—

X
= sinv=logx+C (1)
=> sin{z)=logx+C[':y=vx:>v:}-/-jl

X X

which is the required solution of given
differential equation. (1)

15. If y(x) is a solution of the differential equation

(2_‘5_2'_71{] d_y = —cosx and y(0) =1, then find
1+y Jdx

the value of y (;) Delhi 2014C
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Given differential equation is
(2 + sinx) dy
— | == = - cosx

1+y ) dx
I N P (1)
T+y 2+ sinx
Now, on integrating both sides, we get
J'J__ dy = - j_CE?’."‘_ e
T+y 2 +sinx
= log[1+y|=—-log|2 +sinx| +logC
for CDS-;'F——- dx, let 2 + sin x =t
2 +sinx
= cosxdx =dt,
COS X dt
then | ————dx=| —=logt+C
-[2 + sinx -[ t 2
] =log|2 + sinx|+ C]|

= log(+y) +log(2 + sinx) =logC

= log(1+y) (2 +sinx) =logC

gan 1+y)(2 +sinx) =C ... (1)

Also, given that at x =0, y(0) =1

On putting x=0 and y =1in Eq. (i), we get
1+ 1) (2 +sin0) =C

= C=4 (1)

On putting C = 4in Eq. (i), we get
(I+y) 2 +sinx)=4

. 1+y=- -
2 +sinx
4
-— y = — — 1
2 +sinx
4 -2 —sinx
= y= :
2+ sinx
2 — sinx
" i LR (1)
2+ sInx
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2 —sin "
Now, atx:g-, y[f):_ 2

T
2 + sin

g y(;] =% ' { sin-g ={| (1

16. Solve the differential equation

dy . . (n)_
X ——+y=x-cosx+sinx, giveny| = |=1
dx 2
All india 2014C
Given differential equation is
dy .
X-—>= 4y =XCOS$X+ Sinx
dx
d Sin x
= o/ S BT
ax x - X

[dividing on both sides by x]
which is a linear differential equation.

. : d
On comparing with the form dx + Py =0Q,
- X
we get P=-1 and Q = cosx + 20X
X X
i -
IF=e!PP e =l =
The general solution is given by
y-IF= | Q xIFdx+C (1)
=3 yx=.x(cosx+w)dx+C
. %
= X = [ (x cosx + sinx) dx + C
= xy-—--xcosxdx+ sinxdx + C

Il

= xy:xj.cosxdx--j[%(x)jcosxdx]dx

+J5inxdx+(f
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=3 Xy =XSsinx+ cosx — cosx +C
= xy=xsinx+C
=5

y-—-sinx+C-l LD
X

Also, given that at x = g; V]
On putting x = g and y =1in Eq. (i), we get

1=1+C-g~:>C=O (1)
T

On putting the value of C in Eq. (i), we get

y = sinx |
which is the required solution of given
differential equation. (1)

17. Solve the differential equation

‘;_y + y cotx = 2 cosx, given that y =0, when
X
- g Foreign 2014
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Given differential equation is

d
wbd +y cotx =2 cosx
dx
which is a linear differential equation of the
form
dy
—F Fpe
dx
Here, P = cotx and Q = 2 cosx
(F = PJI Pdx __ e;'col xdx _ elogsinx
= IF=sinx (1)

The general solution is given by

Y xIF=[IFxQdx+C
= y Sinx = [ 2 sinx cosxdx + C
— y sinx = [ sin2xdx + C
= ysinx:-i‘i’-‘;ﬁhc )@

Also, given thaty =0, when x =

b | S

On putting x = 121:— andy =0 in Eq. (i), we get

COs 2
08I — = s
i
= C—EE);-E—-O = C+—-—=0
g 1
C=—— (1)
2
On putting the value of C in Eq. (i), we get
; 2x 1
v sinX = — COS — — —

= 2ysinx+cos2x+1=0
which is the required solution. (1)
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18. Solve the differential eqguation
(x* = yx?) dy +(y? + x?y?) dx =0, given that
y=1 whenx=1 Foreign2014

Direction (Q. Nos. 19-22) Solve the following
differential equations. -

Given differential equation is
(i - yxz)dy + (y2 + xzyz) dx=0
On dividing both sides by dx, we get

(x* = yx?) gx+(y2 +xy%) =0
dx
=3 xz(iﬁy)gz+y2(1+x2)=0
dx
sty —x2(1—y)-d—y=y2(1+xz)

dx
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=3 Ly S dx 4))

On integrating both sides, we get
ry=1, i+ x*
| J _)/2— dy = J dx

2
1¢2y 1 1
— [ dy—-|—dy=|—=dx+ |1-dx (1)
2.[Y2y J‘YZY..[XZ J.
On putting y” =t = 2y dy = dt in first integral,
we get
1 pdt 1
— | —+-=——+x
2= Ly X
=% —-Iog|y2|+1=——+x+c (i)

Also, given thaty =1 when x =1
On putting y = 1and x = 1in Eq.(i), we get

1 1T -1
—log|l+—=—+1+C
2 8l 1 1

=5 %Iog|1|_+1:-—1+1+C

= C=1 [~ log1= 0] (1)
On putting the value of C in Eq. (i), we get

ll(:uglyz|+l:—l-t—;s‘:+1
2 y X

which is the required solution. (1)

19. ¥
. +y sec x = tanx All India 2012C; Delhi 2008C
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Given differential equation is
d :
—y+y5ecx:tanx ()
dx

which is a linear differential equation of firSt_
order and is of the form

gl/-+P\}/=Q -..(i1)
dx
On comparing Egs. (i) and (ii), we get
P=secxand Q =tanx (1)

| - eISEC"d" o el0g| sec x + tan x|

P j secx dx = log| sec x + tanx|]

== IF = sec x + tan X (1)
The general solution is
yxIF=[Q-IFdx+C

y (sec x + tanx) = jtanx-(secx+ tan x) dx

=y (sec x + tanx) = j secx tan xdx + I tan’xdx
=y (secx + tanx) = secx + _[(seczx—ﬂ dx (1)

= y(sec x + tanx) = (sec x + tan x) - x+ C
[ j sec’x dx = tan x + C]

On dividing both sides by (sec x + tanx), we
get the required solution as

C
y=1- 2 i (1)
secx+ tanx secx+ tan x
2dy .
20. 2x P 2xy+y“=0 Delhi 2012
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Given differential equation is

2x2?~—2xy+y2:0
X

dy 2xy-vy’ .
= hat At A SR (VRN )
dx 2x*
which is a homogeneous differential equation.
On puttingy =vx = ﬂ:v-r x@ in Eq. (i),
dx dx
we get
2 22
v+xd_3=2"x 2vx )
dx 2x
dv  2v—v?
=3 V+X— =
dx 2
dv  2v—V
= —i= —V
dx 2
dv 2v-v®-2v
= X— =
dx 2
dv -v*
= X—=—
dx 2
=% 2—d?_-\i= - 1-dx (H
v X
On integrating both sides, we get
2dv —dx
S +C
v? '[ X
= 2Jv_2dv:—iog|x]+(f
=
= 2v1 =—log|x|+C
-2
= —=—log|x|+C
%
= :2—x=—|0g|x|+C
[‘.'y*vx::»xfzz]
X
=% - 2x = y(-log| x| + C)
-2X
= V=
—log|x|+C

which is the required solution.

(1)
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21. ¥ 14474 y? + x?y?, given that y = 1,

dx
when x =0. Delhi 2012
~ Given differential equation is
gX=1+x2+y2+x2y2 (1
dx
=% l:{1+x2)+y2(1+x2)
dx
= gl/-=a+x3)(1+y2)
dx
- Y~ 1+ D (1
1+y

On integrating both sides, we get

jif—yyz=j(1+x2)dx

= tan"y:x+?+c sssll]

Also, given thaty =0, when x = 2.
On putting x =0 and y = 1in Eq. (i), we get

tan '1=C
=  tan '(tann/4)= C [ tan-; = 1]
= C=mxn/4 (1)

On putting the value of C in Eq. i), we get

F n
tan 'y = x+—+—

| 3 4
X n
=5 y=tan|x+ —+ —
3 4
which is the required solution. (1)

28 At - l)d—y =1,y=0 whenx=2
dx All India 2012
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Given differential equation is

dy
-1
X0 )dx

N dy= 1

dx x(x*-1)
i dy: 1

dx x(x-=-1x+1)

[ a’ - b? =(a— b)a+ b)]

= dy = dx

x(x=1N(x+1)
On integrating both sides, we get

IY Ix(x 1)x+1)

= y=l+C ...(1)
dx
here, | = 1
PHEES Jx(x—1)(x+1) )
Let 1 =é+ 2 + L

x(x=Dx+1 x x-1 x+1

= 1=AKX-1DKX+D+Bx(x+1)+Cx(x-1)

2

On comparing coefficients of x°,x and

constant terms from both sides, we get

A+B+C=0 ...(1)
B-C=0 ...(ii1)
and -A=1
= A=-1
On putting A = —1in Eq. (ii), we get
B+C=1 <%

Now, on adding Egs. (iii) and (iv), we get

2B=1 = B=l
2

On putting B = -;_ in Eq. (iii), we get

=0 = ol -
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2 2

p=-18=landc=]

2
then 1 = = + L + V2 (1
x(x-Dx+1 x x-1 x+1
On integrating both si_des w.r.t. x, we get
= _[ | dx = J -—1dx
x(x=1Dkx+1) %
1 ¢ dx 1 ¢ dx

_— ] ——— e, — | ———

2 x=1 Z*R+1
= l=—Iog|x|+%Iog|x-—1|+%log\x+1|
On putting the value of I in Eqg. (i), we get
y=—|0g|x]+%loglx-1|+~;-log|x+1l+C

s 0]
Also, given thaty =0, when x = 2.
On puttingy =0 and x =2 in Eq. (v), we get

0:—Iogz+%log1+%log3+C

1 1
C=log2-—log1-—log3
= 08 5 8 208
= C=log2 - Iog«.@ [ log1=0]
= C—Iogmz— (1)
NE]

On putting the value of C in Eq. (v), we get
y=—log|x|+%log|x—1|

1 2
+—log|x+ 1|+ log — (1
: glx+1| e

which is the required solution.
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23. Solve the following differential equation

dy .
= + ycotx = 4x cosec x, given that y =0,
n
when x = 5 Delhi 2012C; Foreign 2011

Given differential equation is

d
~—y+ycotx=4xcosecx

dx

which is a linear differential equation.
On comparing with general form of linear
differential equation of 1st order

gXJrPy:Q , we get
dx
P =cotxand Q = 4x cosecx (1)
IE= edex _ eJ'cc:{ X dx
— e!ogsinx = sin X [ eiogx - X]
= IF = sin x (1)
Now, solution of linear differential equation
is given by

yxIF=[(@QxIPdx+C
On putting IF = sin x and Q = 4x cosecx, we
- get _
y X sinx = | 4x cosec x - sinxdx + C

. . 1 ;
= ysinx=|4x-——--sinxdx+C
. sin x

= ysinx=-4xdx+C

= ysinx=2x"+C L)

Also, given thaty =0, when x = g-

On puttingy =0 and x = g in Eq. (i), we get

2 il
0=2x2+C = C=""
4 2
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2

On putting C = - % in Eq. (i), we get

2

T
sin x = 2x° = —
d 2
2
=% y = 2x*cosec x — T cosecx (1)

which is the required solution.

24. Solve the following differential equation
(1 + x?) dy + 2xy dx = cotx dx, wherex # 0.

All India 2012C, 2011

Given differential equation is

(1+ x?) dy + 2xy dx = cot x dx Pex 0]
=% (1+ x%) dy = (cot x — 2xy) dx

On dividing both sides by 1+ x*, we get

e cotx—fxydX

14+ x

2 t
_ dy+ Xy _ cotx

dx  1+x% 1+ x°

L) (D)

which is a linear differential equation of 1st
order and is of the form

El’Xﬁ!w'ﬁ"y:Q ()
dx
On comparing Egs. (i) and (ii), we get
t
P 2x2 and Q = 5 i,
1+ X 1+ x
2%
2
Feg 77
o elOgli-l-XZl =-1+ x2 (-l)
for‘[ 2x2 dx, put1+ x* =t = 2xdx = dt
14
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l gg:log|t|:log|1+x2|+c J
t

Now, solution of linear differential equation is
given by

yxIF= [ (@Q xIF)dx + C
y (14 x3) = ; CO“; x (1+x%) dx +C
"1+ X
= y(1+x%) =] cotxdx+C (1)

= y{+x)=log|sinx|+C

['.'Icotxdx=log|sin x|+ C]
On dividing both sides by 1+ x*, we get
_log|sin x| 4 C

1+ X 1+ x?
which is the required solution. (B

25. Find the particular solution of the
differential equation

(1+e®)dy+ (1+y?)e*dx =0, given thaty = 1,
when x = 0. Foreign 2011; All India 2008C

Given differential equation is

1+ e dy + 1+yHe'dx=0

Above equation may be written as
dy —e”

= dx (1)
T+y2 1+ e
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On integrating both sides we get

On putting e* =t = e'dx = dt in RHS, we get

1+y T g™

tan"'y = = dt
5 ’ J1+t
— ~an"'y = - tan 't +C
= tan”'y = —tan (") + C ...(0)

[t =e(1%)
Now, given thaty =1, when x =0.
On putting above values in Eq. (i), we get
tan"'1=—tan (%) + C

= tan” (tan E) =—tan 1+ C [es e’ =1]

S E=—1:an*1 (tanEJqLC
4 4
= E:_E.{.C
4 4
= C:E+E = C=E
4 4

On putting C = g in Eq. (i), we get

_ g T
tan~'y = - tan 1e““+5

_T'[ =1 xJ] =1y .x
= y=tan|—=—tan (e")|= cotftan (e )]

- —

_ ~f 1 L ]
= cot|cot | — stan X=cot -~
e” X

L b

== y=—
e

which is the required solution. (1%)
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26. Solve the following differential equation

dy 1 .
W Lol R, TN ,given thaty =0
dx 4 15 4 = e '

when x = 1 Foreign 2011
Given differential equation is

1
(1+x2)ﬁ+2xy=
dx 1+ x

2

On dividing both sides by.(1+ x?), we get
dy  2xy 1 :
+ = w1}
dx 1+x* (1+x)?
which is a linear differential equation of the
form
dy

BY B (i)
dx+ y=Q .
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On comparing Eqs. (i) and (ii), we get
2X 1
P= andQ = (1)
1+ x%. {19 )

2x

=4
Feg R
IF =1+ x*
[ ¢ 2x 2
.. dx, put1+ x~ +t = 2xdx =dt

T 1+ x

| L log|t|=log |1+ x°|

d (1)

logx _ x]

—

s elog|1+ X
=4 ['; e

L

Now, solution of linear equation is given by
Ty xIF=[(@xIF)dx+C .. (iii)
1 2
1+ )= | ———=% U+ x)dx+C
Y .[(—l+ X2}2
1
0450 = dx + C
4 '[ 1+ %°

yd+x)=tan”' x+C
[I : 5 dx:tan1x+C}
1+ x

= (iv) (1)

Also, given thaty =0, when x =1
On puttingy =0 and x =1in Eq. (iv), we get

O=tan "1+ C
= 0=tan"" (tan E) +C [ 1= tan n]
4 4
= 0="+Cc = c="C
4 4

On putting C = ? in Eqg. (iv), we get

y(‘l+x2)=tan'1x———
4
L8
(1)

_tan”'x
4(1+ x2)

=3 Vi
1+x2

which is the required solution.

m @g www.studentbro.in
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B et o B
Kdy = yok=yx" + y dx All India 2011
Given differential equation is

2. Solve the following differential equation

xdy — ydx = {x* +y*dx

= (y+ x> +y)dx=xdy
dy _YENEHY o

ﬁ e

dx X

which is a homogeneous differential equation
because each term have same degree.

Onputting y=vx = ﬁ:V+xﬁ (1)

dx dx
in Eq. (i), we get

dv v+ /x5 VP v+ Xy T+ V7
V4 X— = -
X X

dx

= v+x?=v+1/1+v2

X

= x—qE=1/1+v2 — dv =dx
dx J1+v2 X

On integrating both sides, we get
J~ dv _[ dx
N1+ V2 X
= log|v++1+v?|=log|x|+C

l’.'-"*—\/:ﬁ: log | x + 4/x* + a°|

andjd—::bngI“}‘C] (§))
- " VX
= Iog‘x+1/1+l’;~1:|0g|X|+C[ v-‘
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[2 .2
= log FONE !—Iog|x|=C
o
ik Lt 8
X
= log =C
X

o

m
[ log m — log n=log (v)
n

y+x*+y? K [ if logy = x, |

x* theny = e*

= v+yx2+y? =x2. e

LY +xE+y? = Ax? [where, A = €“ (1)

which is the required solution.

28. Solve the following differential equation
dx

(y +3x%) = =x All India 2011
dy
Given differential equation is
(y+3x2}lﬁ#x = ﬂ=z+3x /
dy dx x
= dy _¥ 3y ) (1)
dx x ’
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which is a linear differential equation of the

form
ﬁ+Py=Q es<{H)
dx
On comparing Egs. (i) and (ii), we get
P=:—1andQ=3x (1)
X
1
IF = eI—;dx — e~ loslxl _ l:_.In::ng:rc"1 =y~
= Foecal o
X
Now, solution of linear differential equation is
given by
yx IF=[@QxIRdx+C
yxizj'axxldx (1)
X X
= Z=j3c1’::( = L=3x+C
X X
=3 y = 3x% + Cx
which is the required solution. (1)

29. Solve the following differential equation
xdy —{y +2x*) dx = 0. All india 2011
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Given differential equation is
xdy —(y +2x) dx =0

2
- dy _ Y +2Xx
dx X
i dy ¥ - 2 ) (M)
dx X

which is a linear differential equation of the
form

ﬂ+Py=Q ... (ii)

dx
On comparing Eqgs. (i) and (ii), we get

P:jandQ=2x (1)
X

1
I__' o - log|x| -1
IF=@8" ¥ =g ==

(1)

x | =

Now, solution of linear differential equation is
given by

yxIF=[(@QxIPdx+C

¥ e .(2x><l)dx+C
X X
== ' 2dx+C = X=2x+C
X X
= y =2x? + Cx
which is the required solution. (1)

30. Solve the following differential equation
xdy +(y - x°)dx=0. All India 2011
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Given differential equation is
xdy+(y—x)dx=0

s dy _ X —y
dx X
= T x2-Y
dx X
. dy Y _,2 L) ()
ax x
which is a linear differential equation of the
form
gx”’y:Q (i)
dx -
On comparing Egs. (i) and (ii), we get
leandQ=x2 (1)
X
;
dx log]x
IF=¢* =% =x (n
Solution of linear differential equation is given
by
yxIF=] QxIF)dx+C
AR s [ x? x xdx+C
=3 yx =[x+ C
=3 yx—ﬁ—+C_—_> y__Xj_+£
4 4 X
which is the required solution. (1)

31. Solve the following differential equation
e’ tany dx + (1 -e*)sec’y dy =0. pelhi 2011
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Given differential equation is
e*tany dx + (1— €% sec’y dy =0

e’ sec’y

dx =
e’ —1 tany

=% dy (M

On integrating both sides, we get

e ¢ secly
Iex_1dx_.[ tanydy

On putting e* —1=tand tany = z
= e*dx=dtand sec’y dy =dz

2= (M

1

= |0g|tl=|og|z|+IogC_['.°j—dx:Iog|x|]
X

= log|e* ~1=log|tany|+logC

= log|e* -1 =log|C - tany|

[ log m+log n=log mn]

= e*-1=C tany (1

= tan ol =y =tan' £ 1
T C

which is the required solution. (M

32. Solve the following differential equation

(1+ y?) (1 + logx) dx + xdy = 0. Delhi 2011
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Given differential equation is
(1+y%) (1+logx) dx+ xdy =0

= 1+10gxdx: “-d"; (1)
X 1+y
On integrating both sides, we get
- d
j1+logxdx=_ y2
X “1+y
o [ Lok [BXge=-| Y an
X X “1+vy

(log x)*

= log|x|+ +C=—tan"'y

-

1 | 1
forj logxdx=>putl0gx=t=>;dx:dt
X

2 2
.*.Jtdt=%+c=(logx) +C

: 2 )
2
= tan_1y=—{log|x|+ {Ioix) +C]
I 2
= y:tan[—-loglﬂ—(oix) —C]
which is the required solution. (1%)

33. Solve the following differential equation

[xsinz(gj - y} dx + xdy = 0. Delhi 2011C
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Given differential equation is

[x sinz(z] - y] dx + xdy =0
X

which is a homogeneous differential equation.
This equation can be written as

[x sinz(x) - y] dx = —xdy
X

o y — X sinz(};)

= = 1)
dx X

On putting y=w = ﬂ=v+xg\—/ in

dx dx

Eq. (i), we get (1)
. 2 VX
VX — Xsin“| —

dv ( X) v
Vet X— = =v—sin“vV

dx X
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dv

=3 X—=—sin"v
dx
= _.d%‘ = o )
$in” v X
On integrating both sides, we get
_[ dv. _ rdx
sin’ v X
= J-coseczv dv = — @ﬁ[ _12 = coseczv}
x| sin‘v
= —cotv=—-logx+C
[ j cosec’v dv = — cot v + C] (1)
= cot[z]=—|ogx+C['.'y=vx.'.v=y:l
X X
— cot(x)zlegx—(ﬁ
X
|
= Z = cot (logx = C) (1)
X
= y=x-cot (log x - C)

which is the required solution.

34. Solve the following differential equation

R4
dax
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Given differential equation is

xﬁ+y—x+><yc0tx=0,xi0
dx
Above equation can be written as
xd—y+y(1+ X COtX) = X
dx

On dividing both sides by x, we get

g_g+y(1+xgotx):l
dx

X
= Ej—y+y(-1~1rn::~t:»t><)=1 (1) (1)
dx X
which is a linear differential equation of the
form
%'I"PV:Q .. (ii)
dx

On comparing Eqs. (i) and (ii), we get

P=-1—+c0txandQ=1
X

_|'[1+c0tx
X

Ide e il

]dx | [
IF=e — @!08lx| + logsin x

[ _[l dx = log|x and _[ cotx dx = log]| sin x|]
X
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log|x sin x]

=e
[ log m + log n =log mn]
= IF = x sin x (1/2)
yxIF= [(@QxIF)dx+C (1/2)

yxxsinx=f1><x5inxdx+C

= yxsinx:_[xsinxdx +C
Eol

=" yxsinx=xjsinxdx

—j((%(x)-fsinxdx)dx+c

[using integration by parts injx sin x dx]

:yxsinx=—xcosx—]1(— cos x) dx + C (1)
=3 'yxsinx=—xcosx+_[cosxdx+C

= yXSinXx=-Xxcosx+sinx+C

On dividing both sides by x sin x, we get
—xcosx+sinx+C

e :
X sin x
1 C
= y=—Cotx +—+ —
X Xsinx
which is the required solution. (1)

35. Show that the following differential equation
Is homogeneous and then solve it.

y dx + x log (i]dy - 2xdy =0
X HOTS; All India 2011C
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. ? Let the value of ¥ be f(x, y)- Now, put x = Ax

dx

and y=Ay and  verify

whether

f(Ax,Ay) = X"f(x, y)ne Z. If above equation is '
satisfied, then given equation is said to be
homogeneous equation. Then, we use the

substitution y =uvx to solve the equation.

Given differential equation is

y
y dx + x log ]dy 2xdy =0

= P = 2x—x|0g( )]

dy

e 2x—x|og()

>

Now, let f(x, y) =
2x—x|og( )

) (1/2)

On replace x by Ax and y by Ay both sides, we

get

f(Ax, Ay) = AY x

2Ax — Ax|
X xog(}L
X[Qx—xlog(y
X

= fOx, Ay) = A" 4
2x—x|0g(y
X

So, given differential equation is
homogeneous.

dv
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On puttin =VX = —=V+X—
P &Y dx dx

in Eq. (i), we get

v VX v
Ml Y 2-logv
2x—x|0g(vx] 5
X
dv v v—2v+viogv
Y X = —_ =
dx 2-logv 2 -logv
dv —-v+vlogv
= X-—=
dx 2-logv
s 2 -logv dv:d—x M
viogv-—v X
On integrating both sides, we get
[ S gy i
vilogv —1) X
On putting  logv=t = —ldv:dt
v
2 =1
Then, [=—dt=log|x|+C
t—1
1
— I[———1)dt:|0g|x|+(ﬁ (1)
t -1 - .
=121 -1
1-t
— +
1
and usej (E + Q) dt
- D "
= log|t -1 -t =log]|x|+C

= log|logv—-1]-logv=log|x|+C
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‘Mgv—1

= iogi ‘zlogix|+(ﬁ
=
log v — Tl L
= log! —~|#!oglx|.ag
v
o8
L ovx
IogY~1 g
log |—2%—|=C [ N {l
4 _ X
which is the required solution. (1)

36. Solve the following differential equation

(xcos—y- + ysinz]y— (ysinx — X COS X)x Y 0.
X X X X ) dx

All India 2010C
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) Firstly, convert the given differential equation
~ * in homogeneous and then put y=ux.
dy dU

=N 2 = X —
dx dx

Further, separate the variables and integrate it.
Given differential equation is

(xcos}i+ysiny)-y
X X

*(ysiny——xcos}i)-x?—‘z=
X X dx

which is a homogeneous differential equation.
It can be written as

(xc05y+y5inz]-y

X X
= ysin-}:—x cosz)xg
\ X X X
X COS (y] +y sin (Vﬂ B
dy X X .
= s e o JNCE, — ()
X (ysiny—rxcos})‘x
X X
On putting y = vX
= Eiﬁzv+xd_‘f_ in Eq. (i), we get (1)
dx dx

dv  (xcosv + vxsinv) - vx
Ve X— = ———

dx  (vxsinv — x COSV) - X

dv  vcosv+v?siny
—— VA X — = e
dx vV SiNV — COS V

dv  vcosv+vesiny
=5 ¥ iz i

dx VSinv — COS v

xdv _vcosv +vZsiny —v¥sinv+ v cosv

dx vV Sinv — COSV
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(1)

dv 2v COSV
= X— = —
dx vsinv— cosv
Vsinv — cosv dx
dv=2-—
V COSV X

On integrating both sides, we get

VSinv — COSV
j dv=2j—
V COSV X

- J(vsinv_ cosv]dvzzj%
X

vVCOsy VCOSsV

- J(tanv-3)dv =2 [ &

= log|secv|—log|v|=2log|x|+C (1)

['.*Itanv dv =log| secv]| andfldx =log | xq
X

dx

= log|secv|—log|v|-2log|x|=C
= log|secv|—[log|v|+log|x|*=C

[ logm” = nlogm]
= log|secv| - Iog[vx2|=C

[ log m + log n = log mn]

secv
= log 7 5k
VX
m
v logm —logn=log (—~
n -
sec” Sy =X
= log 2l = y
X ) X2 V = —
X
X i
sec ’
= log &l=C
Xy
which i< tha reniiired caliition (1)

Get More Learning Materials Here : & m @) www.studentbro.in



FARRCE B Gad L0 0% F WA el ST AT B Ey

37. Solve the following differential equation

xy log ( ]dx + {yz - x*log (yﬂ dy =0.
| J Delhi 2010C

Given differential equation is

oo (2] - (] -0

which is a homogeneous differential
equation. This equation can be written as

xylog[ )dx-[x log(’”) yz]dy

xy lo y)
dy _ g(" ()

= 5 "
A Xz Iog (Y) N yz
X
Now, put y=vx = iz=v+x@ 1)
dx dlx
in Eq- (i), we get
2 VX
vx~ log| —
214 ( X ) vlogv
VAX—= 3 2
dx x2 Iog (VX) . v2x2 : Iog o W
X

dv viogv
=5 = -V

dx logv-—v?

3

dv vlogv—vlogv+v vV
= X :
dx log v — v* logv —v
log v — v? dx
dv=— (1)
Vv X

On integrating both sides, we get
jlogv-—vz - dx

v X

e logv . c 1. e olx
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= J . dv—J dv—'J""

::>_[ 3Iogvdv-|og|v| log | x |+C

Using integration by parts, we get
log v J v7idy - _[ [% (logv) - j v3dv] dv

=log|v|+log|x|+C
v2 i g™
:>—I0gv—J—?dvzlog|v|+log|x| +C

:>—1|0gv+ j “dv=log|v|+log|x|+C

Fy*
= —Llogv+~- Y™ log|v] + log|x| + C
2v? 2 (-2)
n+1
|:'.'Ix”dx=x +C
n+1
= mlogv———lo vx| + C (1)
2v? 4v? gl l

[ log m + log n = log mn]
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R O I i M
[ y:vx:v:z]
X
2 2
—X y X
= ———Iog(——)———-—zlog yl+C
7108 (% |- 4z =logly
2 log(y)
= =3 LW =log|y|+ C
y2 2 =
I )
2 (
= %[Zlog X)+1]+Iog|y|=—C
4y \ X

A
= x? [2 log (y + 1] + dy*log|y| = 4y%k
X)

[where, k=-C] (1)
which is the required solution.

38. Solve the following differential equation

(x2 +1) -gf +2xy = /x? + 4. Allindia 2010, 2008
X
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Given differential equation is
(x? +1)-§-Z+2xy= 1/x2 + 4
X

On dividing both sides by (x* + 1), we get

dy+ 2Xy =1;x2+4 N

dx  x?+1  x2+1

which is a linear differential equation of the
form ﬂﬁ-Py:Q (i)
dx

On comparing Eqgs. (i) and (ii), we get

[ 2
P 22X sl X“+ 4

X2 +1 x? +1

X

X
IF =e X2+1 - eIOg]X2+ 1]

=  IF=x?+1 [ '8 = x] (1)

2

[I £x dx=putx?+1=t = 2xdx=dt
X +1

.-.J%=Iog|t|=log|x2 +1|]

Now, solution of this equation is given by
yxlF:j(QxlF)dx+C (1)

[ 2
v+ 1) = [ +1)- 35 i )

x2+1
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=3 y(x2+i):_[ x2 + 4 dx
= y 07 +1) =[x + (2% dx

Now, we know that

_[1/x2 + a2 dngq/xz $id"
2

+a7log|x+\/m|+(j
v y(x2+1)=2£\/x—2§
+§Iog]x+ﬁ|+c
= y(x’ +1)=§m
+2|og|x+\/;+7|+c

which is the required solution. (1

39. Solve the following differential equation
(8 + 2 +% % 1) gy-=2x2+x.
dx HOTS; All India 2010
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'{:? Flrstly, dlwde gzven equatlon by © 4+ X2+ x+ 1
" then it becomes a variable separable type
| dlfferentlal ‘equation and then soveit. |

Given differential equation is

06 +x% +x+1) Y =252 4«
dx
dy  2x*+x

=5 -
dX X +x2+x+1

It 1s a variable separable type differential
equation.

2x% + x
dy = dx
Okt xi

On integrating both sides, we get
2x% + x

dy = | dx
jy T X x4+
) 2
" g : 2X° + X s
XX+ +T(x+1)
_ 2
N 2X° + X dx
* e+ 1 0 +1)
y=1 (1) (D)

2
where, !=_[ £ +2x dx
(X+1)(x*+1)

Using partial fractions, we get
2x% + x A Bx +L

= ...(i)
x+1) (2 +1) ol ¥ 41 i

2x* +x AP+ +Bx+C) (x+1)
T X+ 00+ x+1) 62 +1)
= 2x2+x =AC+ 1) +Bx+CO) (x+1)
Now, comparing coefficients of x* x and
i i e el i i i s i s B i s sl
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CONSAnt terim 1o PouLl >Siued, we gol

A+B=2 suk111)

B+C=1 ..(1v)
and A+C=0 (V)
On subtracting Eq. (iv) from Eq. (iii), we get

A-C=1 ... (Vi)

On adding Egs. (v) and (vi), we get
2R =1 =% A=-1—
2
On putting A =% in Eq. (iii), we get
l+B:2 = B=.’2—-l=2
2 2 2
On putting B =§ in Eq. (iv), we get

3+Cz1 = C=1—g~

-
=% L= -1 (1)
2
On substituting the values of A, Band C in
Eqg. (ii), we get
3 1
2x* +x 12 N 257

x+D 2 +1) x+1 X2 +1

On integrating both sides, we get
2
’=J 2x° 4+ X e ! dx
(

x+1)(x*+1) 27 x+1

3 X 1 dx
+ = dx — —
2Jx2+1 ZIx2+1

1 3
oy i v | sl Y] e e 5e® £
: g| l i g | |

—%tan_1 w1 1)

2

j o dx = putx’ +1=t = 2xdx=dt
x“+1

Get More Learning Materials Here : & m @) www.studentbro.in



On putting above value of [ in Eq. (i), we get

1 3 2
=—log|x+1+=log|x* +1
e glx+1| F g/ |
—ltan‘1x+C
2

which is the required solution. (1)

40. Solve the followmg differential equation

-\f1+X +y%+x%y +xydy 0. AllIndia 2010
X

Given differential equation is

\/1+x2+y2+x2y2 +xy-qz=0
dx

=3 \/(1+x2)+y2(1+x2)=—xyj—z
dy

1+x3) (1+y?) =—xy—-

= \/(+x)(+y) xydx
= \/1+x \/H—y ——xyd—

—

J1+y? X

On integrating both sides, we get

S Wy \H+x2.
IW 4 I 2

On putting 1+y2=tand1+x2=u2

ya- = 1,'1+x dx (1)

X dx

=% 2ydy=dtand 2xdx =2udu

= ydy—g—and xdx=udu (1)
lj _[ udu

i o P = u’

Get More Learning Materials Here : & m @) www.studentbro.in



1/2 e
= I 1'H)du (1)
212 ¥ gt
2
-1 1
= V2 2 du-~ du
u -1 Iu2—1
1
= 1+y? =- - du
Vi+y e
[ 1+y? =]
= J1+y: = —u——logu_1+C

2 u+1

x_

L dx 1 a
['Jx2-32-2a|08x+a+c}
= J1+y’ = 1{1+x——10gi”,_.m::i :g+€

which is the required solution. (1)

41. Find the particular solution of the di‘ferential
equation satisfying the given condition

x%dy + (xy + y°) dx = 0, when y(1) =1.
Delhi 2010
Given differential equation is
x2dy + (xy + y?) dx =0
Since, degree of each term is same, so the

above equation is a homogeneous equation.
This equation can be written as

x2dy = — (xy + y?) dx

dy —(xy+y? :

— = oo

dx x* :

On puttingy = vx

= o v+ xgy- (M
dx dx

in Eq (i), we get

dv - (vx? +vix?)
v+xﬁl = = =—(v+vV
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dv
= X— ==V —=-V"—V
dx
dV 2
—— — ==V =2v
xdx
dv — dx

V* 4+ 2y X

(1)

On integrating both sides, we get

J- d‘v’
vZ +2v
dv
= -
| J‘1t,a'2-t_2v+1—1
- I dv
(v+1)2—(1)?
1 |v+11
= —log
2 T v+1+41
dx
[,
= J—Iog,|
2 v
Y
= lIug S
2 o2
X
= -1Iog Y |=
2 ly+2x

-] x|+ C
og| x| % e Y

dx
X
dx
v R
dx
)
|=—l0g|x|+C
1 Ioglx_a|+C
2a  |x+ 4
|=-—Iog|x\+C
y = VX

~log|x|+C (i)

Also, given thaty =0 atx=1y=1
On putting x =y =1in Eq. (ii), we get

|1
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3 s

= C

%=—I0g1+C

1 1
= — I() - ['.' IO 1= O] (1)
2 2 3 o

On putting the value of C in Eq. (ii) we get

1
IOgI |_. Iog|x|+ Iog—
ly + 2x| 3
= Iol ¥=—2Io x+l0g—
g|y+2>n: Blx] 3
1
= lo log x2 + log —
gy+2:x: ” 3
[-nlogm=logm"]
y 1 1
= lo =log — + log —
gy+12>< gx2 g3
y 1
lo =log —
¥ 'g(y+2x] g3x2
[ log m + log n = log mn]
y 1
=> —
y + 2X 3x?
= y-3x? =y + 2x
= y(1—3x%) = — 2x
= 2%
3x? —1

which is the required particular solution.

(1)

42. Find the particular solution of the differential
equation satisfying the given condition

dy
X
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Given differential equation is

dy
2 —ytanx
dx Y
. dy
It can be written as — = tan x dx (1)
Y

On integrating both sides, we get
J A = j tan x dx
i £

= logl|y|=log|secx|+C ONG)

[-:Jldy: log |y| andjtanxdx= Iogisequ
Y

Also, given thaty =1, when x=0.

On putting x =0 and y = 1in Eq.(i), we get
log 1=log (sec0°) + C

= 0=log1+C [.sec0°=1](1)

— C=0 [ log1=0]
On putting C =0 in Eq. (i), we get the required
particular solution as

log|y| = log|sec x|
y = Sec x (1)
which is the required solution.

43. Solve the following differential equation
2 dy _
COs“ x—+y =tan x.
dx

All India 2009; Delhi 2008, 2011, 2008C
Given differential equation is
dy

cos’ X — +y = tan x
dx
On dividing both sides by cos? x, we get
dy LYy _ ftanx

dx cos’x cos*x
dV 9 -
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= — +y-.sec” x =tan x - secx (1)

dx
1
[ — = seczx]
cos” X

which is the linear differential equation of the

form
“d—y"'PY=Q el 1)
dx
On comparing Eqs. (i) and (ii), we get
P = sec’x and Q = tan x - sec’x (1)
i E'l- sec?x dx eta" X

P J' sec’x dx = tan x + C] (1)

Now, solution of linear differential equation is
given by
y><|F=j(Q x I dx + C
yxe ¥ = I tanx - sec’x - e dx .. (iii)
On putting tan x =t
=  sec’xdx=dt in Eq. (i), we get

yetanx e tt‘ellf dt (1)

= ye™ =t | e*dt—j[%(t)je*dr]dt

[using integration by parts injte‘dt]
= ye™  =te' - j1 x e'dt
= ye " =te'-e'+C

ye? X = tanx - e®"¥ — e 4 C [+ tan x =]

On dividing both sides by e®"*, we get
y = tan x — 1+ Ce™ "™

which is the required solution. (n

44. Solve the following differential equation

sec X %‘y -y =sinx All india 2009C
X
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Given differential equation is

secxd—y—y: Sin X
dx
On dividing both sides by sec x, we get
dy y _ sinx

dx secx secx

= iywl——ycosx=sinxcosx AL
dx
which is a linear differential equation of the
form 9'Z+F‘1./=Q ..(ii)
dx
On comparing Eqs. (i) and (ii), we get
P = — cos x and Q = sin x cos X (M
IF = eI— cos x dx _ e-sinx

[ _[ cos xdx=sinx+ C] (1)

Now, solution of above equation is given by
yxIF=[@QxIPdx+C

- sinx

ye =jsinx cosx e” ™ dx

On putting sinx=t =  cosxdx=dt

ye—sinx: Eﬁ_tdt (1)

= ye S = tJ e”'dt - I [% (t) j e‘fdt] dt

[using integration by parts]
=y ye ¥ = — et - J1>< (—e Hdt

=—te”" + J e~ 'dt
= ye '™=_tet—e '+ C
=  ye "™ =—sinxe "™ -e "+ C
[ sinx =]
y=-—sinx—1+Ce""™ (1)

which is the required solution.
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45. Solve the following differential equation
(xlogx) ?j + y =2logx Delhi 2009, 2009C
X

Given differential equation is

(xlogx)ﬂ+y=2logx
dx

On dividing both sides by x log x, we get
dy . 2

=— sull)
dx xlogx x

which is a linear differential equation of the

form
5’1 + Py =Q ... (i1)
dx
On comparing Egs. (i) and (ii), we get
—— and Q = £ (1)
x log x X
1
[F = e-[ xlog_k eloglogx
= log x [ e'%8% =x] (1)

[I 1 dx-:putlogx=t:~>ldx=dt
x log x X

_[ dx I——-Iog\t[-log”ogx]]
xlog x

Now, solution of above equation is given by
yxIF=[(QxIPdx+C

yxlogx-—-jglogxdx (1)
| X

i1

2
= ylogx:long—dx

_[|: (log x) I—- dx]
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[using integration by parts]

= ylogxziogx-zlogx—jl-Zlogxdx

X
[‘.‘jldx=log|x|+C]
X
= y log x = 2(logx}2—-2jiqu
= ylogx=2(logx}2—-—(l-—0§—xl-+c

[injlogxdx, putlogx=t:>ldx:dt
X

X
2 2
.‘-J.fdt=t——=(logx) +C:|

4 2

y =2 (logx) — (log x) + o
log x

[dividing both sides by log x] (1)
which is the required solution.

46. Solve the following differential equation

' :
x-—li =y — x tan (y ] All India 2009
dx X

Given differential equation is

xgy—zy—xtan(z)
dx %

y
y — X tan [—}
sy dy _ A 0

dx X
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which is a homogeneous differential equation.
On putting  y =vx
dy dv

ot P ! 1
= dx v+xdx W

in Eg. (i), we get
dv vx—xtanv

v+ X = =v—tanv

dx X
= X qlz = — tanv

dx
= o . (1)

tanv X
=5 cotvdv =— f}_’f [ ——1—— = cotv] (1)
X tanv
On integrating both sides, we get
J cotvdv = — dx
X

= log|sinv|=-log|x|+C

['.‘Jcotvdv=log|sinv\+C]

= log|sinv|+log|x|=

= log|x sinv|=
[ log m + log n=log mn]
Iog! X st = [’.-v:y] (1)
X

which is the required solutlon.

47. Solve the following differential equation

(1+ xz) gﬁ +y= tan™ x. Delhi 2009
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The given differential equation is

(1+x2)gz+y=tan"1x
X

On dividing both sides by (1+ x?), we get

-1
dy+ y _ tan” X

— ()
dx 1+x* 1+x°

which is a linear differential equation of the

form
%+PV=Q sk}
dx
On comparing Egs. (i) and (ii), we get
=
- 12andQ:tan 2x 1)
1+ x 14+ x
1
e dx
”'::(5;[1"”‘2 ___etan“ix

[I ! 5 dx=tan‘1x+C] (1)
T+ x
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Now, solution of above equation is given by
yxIF=[(QxIPdx+C

yXGWﬂx=j~m—~e{4Wﬂ (i)

On putting tan 'x=t

. ~ 1 dx=dt (1)
T4+ X ‘

in Eq. (ii1), we get

A
yetcm X _ t et (]’T
(Il

e j e'dt - J' [_{f_ (t) j etdt] dt

dt

[using integration by parts]
]
= ye®" X =te' - J1>< e'dt
el
s yetﬁn X i .[ef _ ef o C

tan_] X i

et w3 p: _’.I -
i }/E' ¥ — tan IX_eran X_ el‘dl‘t X +C

On dividing both sides by gtn” ¥, we get

=

y=tan"' x -1+ Ce " * (1)

which is the required solution.
48. Solve the following differential equation

d_y + y =C0S X —Sin X Delhi 2009

dx
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Given differential equation is

§E+y—foex-¢;|nw ..(1)
dx
which is a linear differential equation of the
form J
: y i
L aPy=Q -
dx )

On comparing Egs. (i) and (ii), we get
P=1andQ =cosx—-sinx (1)
Feel e ol (1)

Now, solution of above equation is given by
yxtF—j Q x IR dx+C

(cos x — sin x) dx

=]e
= j cosxdx—_[e sin x dx

[cus X
— j {j; (cos x) j e"dx} dXil

—je”‘ sin x dx

|}
N

[applying integration by parts in the first
integrall
= ye'=[e" cosx—f—sinx-e"dx]
- J e” sinxdx (1)
— ye":e"cosx+_[ e* sinx dx |
~Ie“ sinxdx +C
= ye*=e"cosx+C

On dividing both sides by e, we get
y=cosx+ Ce™

which is the required solution. (1)
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49. Solve the following differential equation

i—y + 2y tan x =sin x, All india 2008
X
Given differential equation is
-(-j—y+2ytanx:sinx wsokh)
dx
which is a linear differential equation of the
form
OY Py = ...(ii)
dx
On comparing Egs. (i) and (ii), we get
P =2 tan xand Q = sin x (M
IF: eIZIaHXd)C: e2|0g| sec x|
— elogseczx — SE?CE X (1)

Now, solution of above equation is given by
nyF:j(QXIF)dx+C
y sec’ x = | sinx- sec? x dx
- - sinx
=  ysec’x=|———dx (1)
7 cos X
—  ysec’ x = | sec x tan x dx

sinx  sinXx 1
e 2 : = tan x sec x
cos“x COSX COSX
2
= ysec - x=secx+C

['.'_[secxtanxdx:secx+C]

1 C
+ ?
secx sec” X
— y =cosx+ C cos® x (1)
which is the required solution.

50. Solve the following differential equation

x‘?zi = y? + 2xy. All India 2008
X
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Given differential equation is
d
24y 2
X°—— =y +2xy
dx ¥ :

which is a homogeneous differential equation
as degree of each term is same in the

equation.

Above equation can be written as
dy _ y? + 2xy i
dx X -

On putting y = VX
dy “dv

— L =v4+X— (1)
dx dx

in Eq. (i), we get
dv  vix%+2vx?

Vit X——=— —=vZ 4 2v
dx X’
= v+xg3=v2+2v
dx
= B R poy— g = gy dow
dx dx
dv dx
- LA (1)
vi+v o X
On integrating both sides, we get
J dv _ pdx
i * X
i J- dv 1=-@
e »
J' dv _rdx
()G
v+ - | —|=
2 2
11
v+__
= log—2 2 =log|x|+C
1 1 1
¥ A e
2 | 2 2
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L‘sz-az a-iu]x-i-a[J

=5 Iogl-l-Llog]xl:C
lv+1|

= Iogl = —|=C
|(v +1) - X]
m
[ log m —log n = log (——-]jl
n
14 y = VX
p— iog—x =il Y
Y V==
7 )s x
X |
I y }
= logl—>—|=C (1)
xy + x|

which is the required solution.

51. Solve the following differential equation
(x* — y%) dx + 2xy dy =0, given thaty = 1,
when x = 1. Delhi 2008

Given differential equation is

(x? —y?) dx +2xydy =0

which is a homogeneous differential equation
as degree of each term is same.

Above equation can be written as

dy y2 X

2 _yv)dx=-2xydy = L=%2—— ()

N -l R dx 2xy

On putting y =vx = E{Y—zwrxd—v- (1)
dx dx

in Eqg. (1), we get
dv v&E—x? v?i-1

V+X—= =
dx 2vx2 2v
dv  vi-1
= X— = -V
dx 2v
7 = P S )
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Y R e (1)

2v 2v
2v x
= - = - —
vo+1 X

On integrating both sides, we get

——--d :_ICL"

ve 41

On putting vi+l=t = 2vdv=dt

it —log|x|+C

t
=% log|t|=—log|x|+C
= log|v: +1|+log|x|=C [-t=v"+1]
=3 |og|};—2+1|+log|x,|=(ﬁ (i)

['.'v=z] (1)
X
Also, given thaty =1, when x =1.

On putting x =Tand y =1in Eq. (ii), we get
log2 +log1=C = C=log2 [-log1=0]

On puttingC log 2 in Eq. (ii), we get

Icngy ’+!ogx—log2
| X ]
3 2X |
— Iog}x E_EY_ |:|0g2
R
[ log m + log n = log mn]
2 2
=5 Iog}x +y|=|og2¢x2+y2=2x (1)

x|

which is the required solution.
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52. Solve the following differential equation

dy . Xy xl, ify =1 whenx=1

dx  x(2y + X) Delhi 2008

Given differential equation is
dy x(2y —x) =}dy B 2)('5/—-)(2
dx xQy+x dx 2xy+x?

ek

which is a homogeneous differential equation
because each term of numerator and
denominator have same degree.

dy dv

On puttin =Y = =y X—
P 4 dx dx

§)

in Eq. (i), we get
dv 2w’ -x*  2v-1

V+XxX—= : =
dx 2vx‘!+x2 2v + 1
dv  2v -1
V4 X —=
dx 2v+1
dv 2v-—-1
— X = =¥
dx 2v+1
(¥, S, v
= X — =
dx 2v +1
;?V-H dv:—d—x
2vi —v+1 X

On integrating both sides, we get
J' 2v +1 dv = — Ef_)i

W —w+1 X
= I=—log|x +C (i)
where, i:j §v+1 dv |
2vi—v+1

Let 2v+1:A-i{2v2—v+1)+B
dv

= 2v+1=A4v—-1)+B (1)

On comparing coefficients of v and constants
from both sides, we get
4A = 2
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= A=2—Iand ~-A+B=1

=> ——1—+B=1 = B=—3v
2 o 2
On putting A=% and Bz% in Eq. (i), we

get

1 3
2v4+1=—Av-1+ = 1
2( > §))]

On integrating both sides, we get
2v+1

| = dv
‘[2v2—v+1
lav-n+3
2vi —v+1
1 4v —1
:)I:— ey
2'[2\/ - sz —v+1
dv
=% Iog|2v —v+1|+ = I ——
7 < I
- 2 2 =y
j jv—‘l dv = put2v? —v +1=t
2ve —v+1

= (4v -1 dv=dt

thenjg}=log|tl=Iog|2v2—v+1|

L -

= I=%Iog|2v2—v+1|

3 dv
A Bdpa le L 1
2 2 16 16

Get More Learning Materials Here : & m @) www.studentbro.in



(1/2)
(1)
::~1'=l|a£1»g|2vz—v+1[+§—><itan"1 V‘-E
2 4 7 7
\ 4 )
d
[I ; = 2=ltan'1£+C
x“+a° a a |
1 3 -1 4v -1
= |=—log|2v® - v +1| + —= tan '(——)
2 Nl

On putting the value of I in Eq. (ii), we get
% log|2v? —v +1] + —m?“f tan“[4v . 1)

V7
=—log|x|+C (1/2)
1, [2y* vy 3W7 | x
—| L__---+1+-—-tan
=5 2081x2 x | 7 J7
\ J
y |
=—log|x|+C ['-'pUtV;—;
3\
1 2y* vy \ 37 —1(4Y‘X
—log|~t——-*~+1i+—tan
Rty 208|x2 - ﬁ-x,J

=—log|x|+C (V)

Also, given thaty =1, when x =1
On putting x =1and y = 1in Eq. (iv), we get

347 1(3

1 n
T iogl2]+ 22 tan J)=—log1+c
2ogll = 5

1

. L I 37 mn“(ﬂ—‘?’:\ =Cl.log1=0]
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—_— Etuax— ' 7 N k\/?} . - B

On putting the value of C in Eq. (iv), we get
5 2 B
g (22222 2 (422)

X

1 T . . 3]
——log|x|+—=log2 +—tan |+
g| x| e = (ﬁ

2y — xy + x° v
= Iog( Y 2y ] + log x — log @)V

X

—

"

_3__ﬁ_ | -1 | ‘\/E; j (4},;—;{}
2k

1+

[ tan A —tan"'B = tan“( A “A?Bn (1/2)

= log 2y? — xy + x)"? - log V2

alF [(4}( — 4y). «ﬁ}
= *—7“* tan

4x +12y

-

—

2

7 2
|Og(2y Xy + X ] e — g S
X

i = log(2y? — xy + xA)"?

2 _ 2
=3 log\Fy ;y+x

A5

X + 3y

— log x|
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2 2
= Iog\]?:f ;cy+x

= E’ﬁ tan™ [ﬁx - ﬁy]
7

X+ 3y

(1/2)

which is the required solution.

6 Marks Questions

53. Find the particular solution of the differential
equation (3xy + y)dx + (x? + xy)dy = 0,for x = 1
andy =1 Delhi 2013C

Given differential equation is

3x2 + yAdx + (x* Jaxy)dy 3x0 N
It can be rewritten as —% = J?V___Y_ ..(0)
which is a homogeneous dtfferenng/l equation

of degree 2.
[ X = _d_y V+X— A
On putting y=vV ™ = e

dv 3vx? + v2x2

in Eq.(), weget v+ x—=-— >
X X* + vx

xdv___3v+v2
- dx 1+v

2 2
N xgiz_[}w-i—v +v+v} 1

dx 1+v

2 1+ v)d dx
mgzz_[u]:,t_li___

dx 1+ v 2vE+2v) X

On integrating both sides, we get

L2 A ax (i) (1)
2

vZ +2V) X

Again, putv? +2v =2z =(2v + 2)dv =dz
dz

1 dv=—
= (1+ v)dv >
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Then, Eq. (ii) becomes,.
]‘4 =~ = j~ 4)]

3 %|0g|z|:—]og|x|+|og](ﬁ|

N %HogIZH 4log|x|1= log| C|

=% log| zx*|= 4log|C]|

= x*=C*=C,zx* =C,

where, c,=C*

= x*v?+2v)=C, [putz =v? +2V]

2
= x“(”- 5 %Z]=C1[putv = Z]...(iii) (1)
xt X X

Also, given thaty =1for x =1
On putting x = 1and y = 1in Eq. (iii), we get

1 1

Also, given thaty = 1for x =1.

So, on putting C, = 3 in Eq. (iii), we get

2
M T y2x2 + 2yx® =3 §))
x2 X

which is the required particular solution.

54. Show that the differential equation
2ye"”dx+(y—2xe"”)dy =0 is homogeneous.
Find the particular solution of this
differential equation, given that x=0, when
y=1

HOTS; Delhi 2013

Get More Learning Materials Here : & m @) www.studentbro.in



\q? Flrstly, replace X by ?\x and y by ly in f(x y) of
given differential equation to check that it is .
homogeneous If it is homogeneous, then put

x=yyand ——=v+ y-q— and then solve.
dy dy

Given dlfferentlal equatlon is
2y eVdx + (y — 2x eV)dy = 0. It can be written

as
dx 2xe™” —y i
dy 2ye™Y
&
2xe¥ —y
Let F(x,y)= -
2ye”

On replacing x by Ax and y by Ay both sides,

we get
?Lx
2Ax e™ — Ay
F(Ax, Ay) = P
24y eV
X'y
= Fludy) =2Z€ =Y 3001 )

AQ2ye)
Thus, F(x,y) is a homogeneous function of

degree zero. Therefore, the given differential
equation is a homogeneous differential

equation. (1)

To solve it, put x=vy

= g-’—‘-:wy@ (1/2)
dy dy
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in Eq.(i), we get v+ij LA -

y 2e"

dv 2ve’ —1 2ve’ —1—2ve’
:}y — —V =
dy  2é&¥ 2e”
- e (1)
y

On integrating both sides, we get
jZeV dv:wjﬂ = 2e"=-logly|+C
y

Now, replace v by s , we get

2" +logly|=C (i) (1)

Also, given that x=0, wheny =1,

On substituting x=0 and y =1in Eq. (ii), we get
2e° +log|1|=C=C=2

On substituting the value of C in Eq. (ii), we get
2" +log|y|=2

which is the required particular solution of the
given differential equation. (1)
55. Show that the differential equation

xg}{—sin(ij +Xx=y sin(f-] =0 is homogeneous.
dx X X

Find the particular solution of this differential

equation, given that x=1, when yzg. Delhi 2013
elhi
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Given differential equation is

xﬁsin(x)rysin(z)—x:d=y*-]-——
dx X X dx x .Y

X

I:dividing both sides by x sin(}’-ﬂ

Let (x, y):x*L

X sin”.

X

On replacing x by Ax and y by Ay on both
sides, we get

F(?ux,?&.y)=?:y— 17L oly__ 1
X sin 4 - sin--y-
AX X

:kOF(x,y)

So, given differential equation is homogeneous.

(2)
On putting y = vx

=5 gX:\H— x@ in Eq.(i), we get (1)
dx dx
dv 1
V+X—=V———
dx sinv
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dv 1 dx

= X—=——— = sinvdv=——
dx sinv %
On integrating both sides, we get
,[ . dx
sinvdv=— | —
| X
= —cosv=—log|x|+C
= —cosy/x=—log|x|+C |~v= Z] (1%) ...(i1)
X
Also, given thatx =1 wheny = g

On putting x=1andy = 5 " in Eq. (i), we get

—cos(;)z—logIIHC

= —0=-0+C = C=0
On putting the value of C in Eq. (i1), we get -

cos¥ =In x|
. |
which is the required solution. (1%%)

56. Find the particular solution of the

differential equation g—{+xcoty:2y+y2coty,
y

{y #0), given that x=0, when y:g-.
All India 2013
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Given differential equation is

?+xcoty:2}’+}’2 coty,{y #0)
y

which is a linear differential equation.

On comparing with jx +Px=Q, we get

P =coty and Q =2y +y” coty
A =elPdr o gleotydr _ glogsiny _ siny  (1%)

Now, the solution of above differential
equation is given by
x-0p=[Q-(Pdy+C

Xsiny = J 2y +y* coty) sinydy +C

=2Iysinydy+_[y2 cosydy +C
T

— ZI ysinydy-t—yzj cosy dy

u_[ [(;;ﬁ]_l. Cosydy]dy+C
[using integration by partsin second integral]
=2‘[y5inydy+y2 siny—2jysinydy+C
=y?siny+C
— ><5iny=y2 siny+C (1) (2)

Also, given that x=0, wheny= —273
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On putting x =0 and y = g in Eq. (i), we get
) . w n?
0=(+} sin—+C=C=-— (1/2)
2 2 4
On putting the value of C in Eq. (i), we get
2 2
’ g n 7 T
xsiny=y smy—?ﬁ X=y *——I-cosecy
which is required particular solution of given
differential equation. (2)
57. Show that the differential equation

[Xsin’ (X]—y]dm— xdy =0 is homogeneous.
X

Find the particular solution of this
differential equation, given that

y=%, when x=1. All india 2013
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Given differential equation is

|:x sin’ (Z) -y} dx + xdy =0
X

. 2(Y
—xsin“| -
dy " (x] :
= = saikld
dx X
y — X sinz(}i)
Let F(x,y) = A
On replacing x by Ax and y by Ay both sides,
we get
?L[y ~ X sinz[}f)]
FOX, Ay) = 24 20 [Fix, vl
A X
Thus, given differential equation is a
homogeneous differential equation. (1)
On puttingy = vx::»-ol =v+ x% in Eq. (i}, we
dx dx
get
VX — X Sinz[v—){)
dv X
V4 X—=
dx X
1% .5 _ dv . 2
= V+X—=V—58in"Vv = X—=-sin"v
dx dx
= T .. 2
X

On intergrating both sides, we get
j cosecivdy + I e g
X

= —cotv +log|x|=C

= | f—cot(z)+loglx|=c ['-'V=y]a--(ii)
X

X

Also, given that, y = %,when x=1
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On puttingx=1andy = -1—:—, in Eq. (ii), we get

- cot(-’j—] +log|1|=C (2)

=5 C=-1 [ cot~ = 1]
4
On putting the value of C in Eq. (ii), we get
- cot(z] + log|x=~1
X
= 1+ log| x|- cot(y) =0
X

which is the required particular solution of
given differential equation. (1)

58. Find the particular solution of the differential
equation (tan~* y—x)dy =(1+y?)dx, given that
x=0,wheny =0. | All India 2013

Given differential equation is
(tan~'y — x) dy = (1+ y?) dx

tan'y—x dx dx —x tan’'y
T g 2 2
1+y dy dy 1+y° 14y
dx 1 _ tan"'y

= — + X
dy 1+y? 1+y?

which is a linear differential equation of first
order. (1

On comparing with g-{ + Px=Q, we get
¥

tan”'y
1+ y2

P= and Q=

1+y2
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T J'Pd}’= e'[ l+;i = etam'1 y (1
Now, solution of above differential equation is
given by
x-(lF):jQ (IF)dy+C
-— _1 =1
= xe‘a"l"=_[tan 2yxe‘a“ly+C (1)
1+y
On putting t=tan™'y = dt= = dy
1+y

x-eta“_I”:J.t celdt+C
=5 x-e‘a“_1”=t-e'-—_[1-e‘dt+c
[using integration by parts]
-1
= x-e® V=t.el-e'+C
= X- e‘a"ﬂ"=(tan“y-1)e‘a"h1” +C ..{0) (1)
Also, given that, when x=0, then y=0.
On putting x =0,y =0 in Eq. (i), we get
O=(tan'0-1e™ °+C
=  0=0-1e’+C = 0=(0-1-1+C
- C=1 (1)
On putting the value of C in Eq. (i), we get
x- e ¥ = (tan™ y—1)- ey 41

e s -1
= x=tan 'y —-1+e”®" Y

which is the required particular solution of the
differential equation. (1)
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